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1. The initial value problem

Problem 1. It seems as though it is a natural question to show that, at least for
sufficiently small initial data, solutions exist globally in time. That is, the flow
Dy (n,€) should be shown to exist for all t € R on a ball B,.(0) of possibly small
radius r about zero in an appropriate function space.

Problem 2. Use the coordinates in which the water waves problem has a Hamilto-
nian structure, in an essential way for the initial value problem.

Problem 3. How do solutions break down?

2. The long wave and modulational limits

Problem 4. Justify the d = 3 dimensional water wave models, as limits of the
equations of free surface water waves.

3. Traveling waves

Problem 5. FElucidate the nature of the crescent wave patterns of doubly periodic
traveling waves.

Problem 6. What is the nature of the singularity of crests of extremal traveling
waves for the three-dimensional problem?.

Problem 7. Do truly three dimensional solitary waves exist? These cannot be ev-
erywhere non-negative without being the zero solution.

Problem 8. Give a Bloch theory for the stability of doubly periodic water wave
patterns.
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Figure 1. Head-on collision of two solitary waves of equal height S/h = 0.4, showing the
run-up, the phase lag and the dispersive tail generated by the interaction. The amplitude
of the post-collision solitary waves is slightly less than before the collision, being measured
as ST/h = 0.3976 at time t/1/h/g = 90. The post-collision solitary waves are also delayed
slightly from their pre—colhslon asymptotically linear trajectorles. This phase lag is mea-
sured to be (a; — a; )/h = 0.3257, where a; (respectively aj +) are the t-axis intercepts of
the asymptotically hnear trajectories before (respectively after) the collision.

4. Invariant structures in phase space

Problem 9. Prove that there exist (Cantor) parameter families of quasi-perodic
and/or almost periodic solutions for the water waves problem.

Problem 10. Prove that a soliton - scattering picture occurs, roughly as illustrated
in Figure 1. That is, general initial data, suitable localized, resolves itself under
time evolution into two trains of solitary waves plus a residual, and the latter is
described by a scattering operator related to the linear problem.

5. Wave turbulence

Problem 11. Elucidate this approach as a kinetic theory of wave field propagation
and interaction. Provide, to the extent possible, a mathematically rigorous deriva-
tion of the kinetic equations of wave turbulence.

Problem 12. Prove that power law Kolmogorov — Zakharov spectra exist, and that
they govern the large time asymptotics of wave fields, at least in certain situations.
Find the full set of solutions of Sy = 0, and their respective macroscopic variables,
and derive the appropriate macroscopic equations which determine their evolution.



Statistical hydrodynamics and mathematics of turbulence

Sergei Kuksin

Consider the randomly forced Navier-Stokes equation in dimension d = 2
ord=3:
t—vAu+ (u-V)u+ Vp=n(t,z), divu=0. (1)

We restrict ourselves to the case when z € T¢ or z € R%. If z € T?, we
assume that [ndx = [udz = 0. The force n(t, z) is a random field which

i) as a function of z is smooth, homogeneous (=stationary) and non-
degenerate,

ii) as a function of ¢ is a white noise.
See [Kuk06, Kup].

I) z € T?. In this case (1) defines a Markov process in the space H
of smooth divergence-free vector-fields with zero meanvalue. This process
has a unique stationary measure p, and the distribution of any solution
converges to this measure exponentially fast. Every solution, viewed as a
random process in H, satisfies the Strong Law of Large Numbers and CLT.
See [Kuk06] for discussions and references.

Let u,(t, z) be a stationary in time solution of (1). Then D(u,(t,-)) = .
Here w,(t,-) is the solution, interpreted as a random process in the function
space H, and D(u,(t,-)) is its distribution for a fixed time ¢ (i.e., a measure
in H). The main problem of turbulence for a 2d space-periodic flow is the
following;:

Problem 1*. Study the correlation
Eu'(t,z)u! (t,x +§), i,j=1,2, z€T?, (2)

when |§| < 1 and the viscosity v is small.

This is a notoriously difficult question. In particular, since

— behaviour of the function (2) for || < 1 is believed to depend on the
relation between |¢| and v;

— it is unclear how to split this problem to simpler questions;

— ‘right” model problems are unknown.

On a formal level Problem 1 admits a reformulation in spectral terms,
which is equally popular:

Problem 2*. Let {ux(t)} be Fourier coefficients of u(t,z). Define Ey =
E|tk(t)[*. The task is to study Fy when |k| > 1.
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Often instead of the energy Ey of a wave-vector k people study the energy
of a wave-number k, loosely defined as (2L)~! Z“k|_k‘<L FE} . The width L

of the averaging layer is > 1. Its ‘right’ value may depend on v, but should
not be ‘too big’.

It is believed that the limiting properties in Problems 1 and 2 are uni-
versal in the sense that they are independent from detailed properties of the
force n. It is known that, indeed, the measures p, possess some universal
properties: they satisfy infinitely many algebraical relations, depending only
on one scalar characteristic of 1. See [Kuk06], Section 11.

It is natural to wish to scale the force in (1) in such a way that the energy
of the stationary solution E” = [ |u, (¢, z)|* dx remains of order one as v — 0.
To achieve this goal one has to replace the force n by the scaled force

n= \/;770<t7$)7 (3)

where 7 is a fixed random force of order one, satisfying i), ii). If we do so,
then along a subsequence v; — 0 the measure p, converges to a limiting
measure fo (which a priori depends on the sequence). The measure i is an
invariant measure for the Euler equation

+ (u-Vu+Vp=n(tz), divu=0,

interpreted as a dynamical system in suitable function space of vector-fields.
See [Kuk06], Section 10. But the Euler equation has infinitely many integrals
of motions, so it has a lot of different invariant measures. How to distinguish
among them the limiting measure pg?

Problem 3. Study properties of a limiting measure py. Does the measure
(or its ‘relevant properties’) depend on the sequence {v;}? Study asymptotics
of the correlation tensor [ u'(z)u! (x+&) po(du) as & — 0, and of the energies
[ lt]? po(du) as k — oo. Do they depend on the sequence {v;}?

For the equation with the force, scaled as (3), the energy of the stationary
solution E” has a finite v-independent exponential moment (see [KukO06]).
Accordingly, P{E” > C} < ce ¢ for any C > 0, with some positive o and
c.

Problem 4. Find a lower bound for P{E" > C'} when C' — oc.

Similar, it is interesting to find lower and upper bounds for P{E" < C},
where C' < 1.



I1. € R% Here the class of solutions, the most relevant for the theory
of turbulence, is formed by solutions, homogeneous in z (and not necessarily
periodic). Let the force n be smooth homogeneous in x and white in t.

Problem 5. a) Under what assumption on 7 the problem (1) has a
unique solution, stationary in x?

b) Under what assumption this solution remains bounded (in a suitable
sense) as t — oo?

¢) Under what assumption the equation has a unique stationary measure,
homogeneous in =7

The Problems 1 and 2 admit natural reformulations for the unique sta-
tionary measure as in c).

III. = € T3. It seems that in the 3d case the main problem is the existence
and uniqueness of a solution:

Problem 6*. Let x € T? and 7 satisfies i), ii) with z € T3. Prove or
disprove that

a) for a.a. w eq. (1) has a unique smooth solution;

b) eq. (1) has a unique martingale (“weak”) solution.

If a solution for eq. (1) is unique, then it defines a Markov process in
a suitable function space {u(z)} and has an invariant measure. For this
measure Problems 1 and 2 have a natural reformulation. See in [Kup].

Note that the questions a) and b) remain non-trivial even if the force n
is small. We also note that interesting and informative results about the 3d
equation (1) can be obtained without knowing that its solution is unique.
See recent relevant works by Da Prato, Debussche, Flandoli and others.
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Compressible, viscous, and heat conducting fluids:

Recent progress and open problems

The mathematical theory of compressible, viscous, and heat
conducting fluids represents a challenging topic in the mathemati-
cal fluid mechanics. The time evolution of these fluids is classically
described by the Navier-Stokes-Fourier system that represents a
mathematical formulation of the three basic physical principals:
the conservation of mass, momentum, and energy. The resulting
systen of partial differential equations is of mixed type: the conti-
nuity equation is hyperbolic, the momentum and energy equations
can be classified as parabolic although the leading time derivative
contains the density as a multiplier.

e A priori estimates: Similarly to hyperbolic systems of conser-
vation laws, the balance of the total energy gives rise to a priori
estimates in the natural “energy” norm. That is to say the quanti-
ties like the density, the velocity, and the temperature are bounded
in suitable Lebesgue spaces in terms of the initial data. As is well-
known, those estimates are not sufficient to prevent oscillations of
the solution family both in time and space. Fortunately, as the
dissipative mechanism due to viscosity and thermal conductivity
is present, more estimates are available on the spatial gradient of
the temperature and velocity preventing thus their spatial oscilla-
tions. There is no bound of this type, however, for the density.
The available estimates for the velocity are basically the same as
for the incompressible Navier-Stokes system, in particular, they do
not seem to be sufficient for obtaining classical solutions. Thus the
natural open problem is the same as for the incompressible Navier-
Stokes system: Do classical solutions exist for all time? The second
and completely open question is, of course, uniqueness of the weak
solutions.

o Fistimates on the density: The crucial quantity in the analy-
sis of a compressible fluid is the density. The major open problem
reads: Does the density stay bounded, both from above and away
from zero, provided its initial distribution enjoys this property? In
particular, it is not known whether the weak solutions can develop
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vacuum regions or concentrations in a finite time. The following
properties seem to be “equivalent”: (i) the density is bounded be-
low away from zero for any positive time, (ii) the divergence is
uniformly bounded, (iii) the density is bounded from above. There
seem to be a piece of numerical evidence of vacui in the weak solu-
tions for compressible Navier-Stokes equations but the final answer
is not known.

e The energy transfer: Another challenging problem is the trans-
fer of energy between its kinetic and caloric (internal) component.
The entropy production for the weak solutions, in general, may
contain a measure with a non-trivial singular part. The problem
becomes particularly delicate when the vacuum is present. Let us
note in passing that the original model was not supposed to de-
scribe the vacuum states, for which it does not yield the physically
relevant solution.



Control problems in hydrodynamics

A. Shirikyan

Controllability of Navier—Stokes and Euler equations by a
body force

Let us consider the Navier—Stokes system
4+ (u, Viu —vAu+ Vp = f(t,z), divu=0, ze€D. (1)

Here D C R? is a bounded domain and f = h + 7, where h is a given function
and 7 is a control with range in a finite-dimensional space E C C*(D,R%).
It was established by AGRACHEV and SARYCHEV that, in the case d = 2 and
D = T?, the Navier-Stokes system (1) is approximately controllable and ex-
actly controllable in finite-dimensional projections. These results were extended
later by RODRIGUES to case of square with Lions boundary condition and by
SHIRIKYAN to the 3D case with periodic boundary conditions. Similar properties
hold for the Euler equations (both in 2D and 3D).

The following questions remain completely open:
e Exact controllability of (1) by a finite-dimensional force for analytic data.

e Controllability properties of (1) for other domains, e.g., a ball or a square
with Dirichlet boundary condition.

Boundary control for Navier—Stokes and Euler equations

From the point of view of applications, the boundary control is more natural
than the control by body force considered in the previous section. It was proved
in a series of papers by CORON, FURSIKOV, IMMANUILOV that the Navier—
Stokes system (1) is exactly controllable by a control supported by the boundary
of D. However, their result does not give much information about the control.
In particular, the following natural question arises:

e Controllability of (1) by means of a finite-dimensional boundary control.

Feedback stabilization of Navier—Stokes equations

Consider Egs. (1) in which

f(t,l') = h(tvw) + (Ku)(t,:(;), (2)
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where h is a given function and K is a (nonlinear) operator defined on the
phase space H and taking values in a finite-dimensional space E. The feedback
stabilization problem for (1) can be formulated as follows: given a solution @
of (1) with f = h, construct an operator K; : H — E such that for any initial
function ug € H we have

||lu(t) —a(t)]| — 0 ast— oo,

where u denotes the solution of (1), (2) with K = K, that satisfies the initial
condition u(0) = ug.

In the case when h does not depend on time and 4 is a stationary solution,
the stabilization problem was studied by FURSIKOV, BARBU, TRIGGIANI. They
established feedback stabilization by means of finite-dimensional controllers sup-
ported either by the boundary or by a given subdomain of D. However, the con-
trol space E depends on 4. The following question is important in the ergodic
theory of Navier—Stokes equations perturbed by a random force:

e Construct a finite-dimensional subspace E C C*°(D,R?) and a stabilizer

K; : H— FE for (1).

Controllability for the Schrodinger equation with cubic non-
linearity

Controllability results discussed in the first section uses the quadratic structure
of the nonlinear term of the Navier—Stokes system. In this regard, it would be
interesting to study the following problem:

e Controllability of the nonlinear Schrédinger equation
o — iAu £ ilu|®u = h(z) +n(t, ), (3)

where 7 is control function with range in a finite-dimensional space.
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